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1
$\mathbb{C}$ , $\mathbb{H}=\{z\in \mathbb{C}:lm (z)>0\}$ .
$i$ $=$ . $\gamma(0)\in \mathbb{R}$ , $t\in[0, \infty)$
$\gamma=\gamma[0,t]$ , $t\in[0, \infty)$
. ( )
, $\gamma(0, \infty)\in \mathbb{H}$ . M\"obius
$z+ \frac{a(t)}{z}+\mathcal{O}(\frac{1}{|z|^{2}})$ ,
, $t>0$ ,
$a(t)\in \mathbb{R}$ , $zarrow\infty$ (1.1)
$\mathbb{H}\backslash \gamma(0,t]$ $arrow$ $\mathbb{H}$
. ,
, . $g_{\gamma(0,t]}(z)$ $g_{t}(z)$
. $g_{0}(z)=z$ .
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1 $g_{t}$ , $\mathbb{H}\backslash \gamma(0, t]$ , $\gamma(0, t]\cup \mathbb{R}$ $\mathbb{R}$ ,
$\infty$ $\infty$ .
1 $t\in(O, \infty)$ .
$B_{s}^{j},$ $j=1,2$ 2 1 (BM) , $\mathbb{C}$
BM
$\mathcal{B}_{s}=B_{s}^{1}+iB_{s}^{2}$ , $s\in[0, \infty)$ (1.2)
. , $\mathbb{H}\backslash \gamma(0, t]$ $z$ BM ,
$\gamma(0, t]\cup \mathbb{R}$
$\tau_{t}=\inf\{s\geq 0 : \mathcal{B}_{s}\in\gamma(0, t]\cup \mathbb{R}\}$ (1.3)
. $z-g_{t}(z)$ $\mathbb{H}\backslash \gamma(0, t]$ ,
.
$\phi_{t}(z)={\rm Im}(z-g_{t}(z))$ , $z\in \mathbb{H}\backslash \gamma(O, t]$ (14)
,
$\phi_{t}(z)=E^{z}[\phi_{t}(\mathcal{B}_{\tau\iota})]$ , $z\in \mathbb{H}\backslash \gamma(O, t]$ (1.5)
.
$\phi_{t}(z)=E^{z}[1m(\mathcal{B}_{\tau_{t}})|-E^{z}[{\rm Im}(g_{t}(\mathcal{B}_{\tau_{t}}))|=E^{z}[{\rm Im}(\mathcal{B}_{\tau\iota})]$
. , $\mathcal{B}_{\tau_{t}}\in \mathbb{H}\backslash \gamma(0,$ $t]$ 1 $g_{t}(\mathcal{B}_{\mathcal{T}t})\in \mathbb{R}$
.
$1m(g_{t}(z))=1m(z)-E^{z}[{\rm Im}(\mathcal{B}_{\tau\iota})]$ , $z\in \mathbb{H}\backslash \gamma(O, t]$ (16)
.
$R_{t}= \sup\{|\gamma(s)-\gamma(0)| : s\in(O, t]\}$ (1.7)
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. $\gamma(0, t]$ $\gamma(0)$ $R_{t}$ $B(\gamma(0), R_{t})\cap \mathbb{H}$
. $\mathbb{H}$ $z\in \mathbb{H}\backslash B(\gamma(0), R_{t})$ ,
BM . BM $B(\gamma(0), R_{t})\cap \mathbb{H}$
, $\sigma$ ;
$\sigma=\inf\{s\geq 0 : \mathcal{B}_{s}\in B(\gamma(0), R_{t})\cup \mathbb{R}\}$ .
, $\mathcal{B}_{\sigma}$ $p(z, \gamma(0)+R_{t}e^{i\theta}),$ $\theta\in(0, \pi)$
, BM
$E^{z}[{\rm Im}(\mathcal{B}_{\tau})]=\int_{0}^{\pi}p(z, \gamma(0)+R_{t}e^{i\theta})E^{\gamma(0)+R_{t}e^{i\theta}}[{\rm Im}(\mathcal{B}_{\tau})]R_{\ell}d\theta$ (18)
. , $B(\gamma(O), R_{t})$ $\mathbb{H}$
$D=\{z\in \mathbb{H}:|z-\gamma(0)|>R_{t}\}$
,
$p(z, \gamma(0)+R_{t}e^{i\theta})=-\frac{2}{\pi}\sum_{n=1}^{\infty}\sin(n\theta)\text{ ^{}1}1m[\frac{1}{(z-\gamma(0))^{n}}]$ , $z\in D$ , $\theta\in(0, \pi)$
(1.9)
. $\gamma[0, t]$ , $\gamma(0)$ $R_{t}$ .
, $\gamma$ (0)
, 1/ $\tilde{\gamma}[0, t]$
, .
$\tilde{\tau_{t}}=\inf\{s\geq 0 : \mathcal{B}_{s}\in\tilde{\gamma}(0, t]\cup \mathbb{R}\}$ (1.10)
, BM $\tau_{t}/R_{t}^{2}$ ,
$E^{\gamma(0)+R_{t}e^{i\theta}}[{\rm Im}(\mathcal{B}_{\tau_{t}})]=R_{t}E^{e^{i\theta}}[{\rm Im}(\mathcal{B}_{\tilde{\tau_{l}}})]$, $\theta\in(0,\pi)$ (1.11)
. (1.6)
${\rm Im}(g_{t}(z))={\rm Im}(z+ \sum_{n=1}^{\infty}\frac{a_{n+i}(t)}{(z-\gamma(0))^{n}})$ (1.12)
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.$a_{n}(t)=R_{t}^{n} \frac{2}{\pi}/0^{\pi}\sin((n-1)\theta)E^{e^{i\theta}}[{\rm Im}(\mathcal{B}_{\overline{\tau_{t}}})]d\theta$ , $n=2,3,4,$ $\cdots$ (1.13)
.
$g_{t}$ (1.1) ( ) ,
$g_{t}(z)=z+ \sum_{n=1}^{\infty}\frac{a_{n+1}(t)}{(z-\gamma(0))^{n}}$, $z\in \mathbb{H}\backslash \gamma(O, t]$ (1.14)
.
$0\leq\theta\leq\pi$ , $n=2,3,$ $\cdots$ $|\sin(n\theta)|\leq c_{n}\sin\theta$ $c_{n}$
.
$|a_{n}(t)|$ $\leq$ $R_{t}^{n} \frac{2}{\pi}/0^{\pi}|\sin((n-1)\theta)|E^{e^{i\theta}}[{\rm Im}(\mathcal{B}_{\tilde{\tau t}})]d\theta$
$\leq$ $c_{n-1}R_{t}^{n} \frac{2}{\pi}/0\pi\sin\theta E^{e^{\theta}}[{\rm Im}(\mathcal{B}_{\tilde{\mathcal{T}t}})]d\theta$
$\leq$ $c_{n-1}R_{t}^{n-2}a_{2}(t)$ , $n=3,4,5,$ $\cdots$ (1.15)
.
2 (113) $n=2$
$a_{2}(t)=R_{t}^{2} \frac{2}{\pi}/o^{\pi}\sin\theta E^{e^{\theta}}[{\rm Im}(\mathcal{B}_{\tilde{\tau_{t}}})]d\theta$ (1.16)
,
$a_{2}(t)= \lim_{yarrow\infty}E^{iy}[{\rm Im}(B_{\tau_{t}})]$ (1.17)
. $\gamma(0, t]$ capacity (hcap $(\gamma(0,$ $t])$ $)$
.
3. $H_{t}=\mathbb{H}\backslash \gamma(O, t]$ $p_{H_{t}}(z, w),$ $z\in H_{t},$ $w\in\partial H_{t}=\tilde{\gamma}(0, t]\cap \mathbb{R}$
,
$E^{e^{i\theta}}[{\rm Im}(\mathcal{B}_{\tilde{\tau_{t}}})]$ $=$ $\int_{\partial H_{t}}p_{H_{t}}(e^{i\theta}, w){\rm Im}(w)dw$
$=$ $/\tilde{\gamma}(0,t]^{p_{H_{t}}(e^{\theta},w)\frac{{\rm Im}(w)}{{\rm Im}(e^{i\theta})}dw\cross 1m}(e^{i\theta})$
$=sm\theta/\tilde{\gamma}(0,t]^{\hat{p}_{H_{t}}(e^{i\theta},w)dw}$
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.$\hat{p}_{D}(z, w)\equiv p_{D}(z, w)\frac{{\rm Im}(w)}{1m(z)}$ , $z\in D$ , $w\in\partial D$ (1.18)
, $\mathbb{H}$-excursion $\hat{\mathcal{B}}_{s}$ [7]:
$\hat{\mathcal{B}}_{8}=B_{s}+iX_{s}$ , $s\in[0, \infty)$ . (1.19)
$B_{s}$ BM , $X_{s}$ 3 $(BES_{3})$ .
$\sin\theta P^{e^{i\theta}}(\hat{\mathcal{B}}[0, \infty)\cap\tilde{\gamma}(0, t]\neq\emptyset)$ , $a_{n}(t)$
$a_{n}(t)=R_{\eta}^{n} \frac{2}{\pi}/0^{\pi}$ sm$((n-1)\theta)\sin\theta P^{e^{i\theta}}(\hat{\mathcal{B}}[0, \infty)\cap\tilde{\gamma}(0, t]\neq\emptyset)d\theta$ (120)
$\mathbb{H}$-excursion $\tilde{\gamma}(0, t]$ .
2
2 , $\mathbb{H}$ $\gamma$
$g_{t}(x)$ . $\epsilon>0$ , $t+\epsilon$ $\gamma(0, t+\epsilon]$
. $g_{t+\epsilon}(z)$ .
$g_{t+\epsilon}(z)$ $=g_{\gamma(0,t+\epsilon]}(z)$
$=$ $[g_{9t(\gamma(t,t+\epsilon])}\circ g_{t}](z)=g_{9t(\gamma(t,t+\epsilon])}(g_{t}(z))$ . (2.1)
$g_{t+\epsilon}(z)$ , $\mathbb{H}\backslash \gamma(0, t+\epsilon]$ $\mathbb{H}$ . , $\mathbb{H}\backslash \gamma(0, t+\epsilon]$
$g_{t+\epsilon}(z)$ $g_{t}(z)$ , $\mathbb{H}$ $\mathbb{H}\backslash g_{t}(\gamma(t, t+\epsilon|)$ .
$\mathbb{H}$ $g_{t}(\gamma(t, t+\epsilon])$ .
$U_{t}$ .
$U_{l}= \lim_{s\nearrow t}g_{s}(\gamma(t))$ (2.2)
. ( $U_{0}=\gamma(0)$ .) , (1.14)
$g_{t+\epsilon}(z)$ $=$ $g_{gt(\gamma(t,t+\epsilon])}(g_{t}(z))$
$=$ $g_{t}(z)+ \sum_{n=1}^{\infty}\frac{a_{n+1}((t,t+\epsilon])}{(g_{t}(z)-U_{t})^{n}}$ (2.3)
92
.$R_{t}^{\epsilon}= \sup\{|g_{t}(\gamma(s))-U_{t}|$ : $s\in[t, t+\epsilon]\}$ , (2.4)
,
$|a_{n}((t, t+\epsilon])|\leq c_{n-1}(R_{t}^{\epsilon})^{n-2}a_{2}((t, t+\epsilon])$ , $n=3,4,5,$ $\cdots$ (2.5)
. , (2.3) $g_{t}(z)$ (1.14) , (1.14)
$tarrow t+\epsilon$ , $1/z$





, $\epsilonarrow 0$ . capacity a2 $(t)=$ hcap $(\gamma(0, t])$
$t$ ,
$\lim_{\epsilonarrow 0}\frac{a_{2}(t+\epsilon)-a_{2}}{\epsilon}=\frac{da_{2}(t)}{dt}=\frac{d}{dt}$ hcap $(\gamma(O, t])$ (2.7)
. $\lim_{\text{\’{e}}arrow 0}R_{t}^{\epsilon}=0$ ,
$\lim_{\epsilonarrow 0}\frac{g_{t+\epsilon}(z)-g_{t}(z)}{\epsilon}=\frac{\partial g_{t}(z)}{\partial t}$
, .
$\frac{\partial g_{t}(z)}{\partial t}=\frac{1}{g_{t}(z)-U_{t}}\frac{da_{2}(t)}{dt}$ , $a_{2}(t)=$ hcap $(\gamma(O,t])$ . (2.8)
, go $(z)=z$ . (Loewner evo-
lution) .
93
4. (2.7) , $a_{2}(t)=hcap(\gamma(0, t])$
. $a_{2}(t)$ $t$ , [7].




$a_{2}(t)=$ hcap $(\overline{\gamma}((0, t]))=2t$ (2.9)
,
$\frac{\partial g_{t}(z)}{\partial t}=\frac{2}{g_{t}(z)-U_{t}}$ , $go$ $(z)=z$ (2.10)
. ( , (2.9) 7 $\gamma$ . )




$\frac{d}{dt}a_{n}(t)=2\mathcal{P}_{n}(a_{1}(t),$ $a_{2}(t),$ $\cdots)$ , $n=2,3,4,$ $\cdots$ . (2.11)
$a_{1}(t)=-U_{t}$ (2.12)
. , $\mathcal{P}_{n}(x_{1)}x_{2}, \cdots)$ [1].
$\mathcal{P}_{1}=0$ , $\mathcal{P}_{2}=1$ ,
$\mathcal{P}_{n}=-\sum_{j=1}^{n-2}x_{j}\mathcal{P}_{n-j}$ , $n\geq 2$ . (2.13)
$\frac{d}{dt}a_{2}(t)=2$ , $\frac{d}{dt}a_{3}(t)=-2a_{1}(t)$ ,
$\frac{d}{dt}a_{4}(t)=2\{(a_{1}(t))^{2}-a_{2}(t)\}$ ,
$\frac{d}{dt}a_{5}(t)=2\{-(a_{1}(t))^{3}+2a_{2}(t)a_{1}(t)-a_{3}(t)\}$ , $\cdot\cdot$ (2.14)
94
. gO $(z)=z$ $a_{n}(0)=0,$ $n=1,2,3,$ $\cdots$ . $a_{1}(t)=-U_{t}$





$U_{t}=\sqrt{\kappa}B_{t}$ , $\kappa>0$ , $B_{0}=0$ $($ 3.1 $)$
. $B_{t}$ 1 BM :
$\frac{\partial}{\partial t}g_{t}(z)=\frac{2}{g_{t}(z)-\sqrt{\kappa}B_{t}}$ , $g_{0}(z)=z$ . (3.2)
( $t\geq 0$ )
$\{g_{t}\}_{t\geq 0}$ (chordal) (Schramm-Loewner evolution)
. , $\kappa$ , $SLE_{\kappa}$ . $((3.2)$
.)
1 2 , $t\in[0, \infty)$ $\gamma=$
$\{\gamma(t):t\in[0, \infty)\}$ , $t\in[0, \infty)$ $\mathbb{H}\backslash \gamma(0, t]arrow \mathbb{H}$ $g_{t}(z)$
. $g_{t}(z)$ (2.10)
.
$U_{t}= \lim_{s\nearrow t}g_{s}(\gamma(t))$ (3.3)
. , $U_{t}$ (3.1) ,
(3.2) ,
$g_{t}(z)$ . , (3.3) $\gamma(t),$ $0\leq t<\infty$
. .
3.1 $SLE_{\kappa}$ $\gamma$ , 1 .
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5. , 1 , $SLE_{\kappa}$
. $\gamma$ , $SLE_{\kappa}$ (SLE. path), $SLE$. ( $SLE$. curve)
. , . 3.1
[7] .
$SLE_{\kappa}\gamma$ . ,
$H_{t}$ $=$ $\mathbb{H}\backslash \gamma[0, t]$
$K_{t}$ $=\mathbb{H}\backslash H_{t}$ (3.4)
. $K_{t}$ $SLE_{\kappa}$ $\gamma[0, t]$ hull . $g_{t}(z)$ $arrow \mathbb{H}$
. $g_{t}$ . , $K_{t}$ , $g_{t}$
. SLE$\kappa$ $\gamma$ $t$ , hull $K_{t}$
. $g_{t}$
. $Z\in \mathbb{H}$
$T_{z}$ $=$ $\sup\{t\geq 0$ : $g_{t}(z)$ well-defined $g_{t}(z)\in \mathbb{H}\}$
$=$ $\inf\{t\geq 0:z\in K_{t}\}$ (3.5)
.
$H_{t}$ $=$ $\{z\in \mathbb{H}:T_{z}>t\}$
$K_{t}$ $=$ $\{z\in \mathbb{H}:T_{z}\leq t\}$ (3.6)
.
$SLE_{\kappa}$
$\gamma$ $t>0$ $\gamma(t)$ , $g_{t}$
$\sqrt{\kappa}B_{t}$ :
$g_{t}(\gamma(t))=\sqrt{\kappa}B_{t}$ . (3.7)
, , $g_{t}$ , $\gamma(t)\in$




.$SLE_{\kappa}$ $\gamma=\{\gamma(t) :0\leq t<\infty\}$ . , $s\geq 0$
, $\gamma^{s}$
$\gamma^{s}(t)=g_{s}(\gamma(t+s))-\sqrt{\kappa}B_{s}$ , $t\geq 0$
. ,
$\gamma^{s}=d\gamma$ $\forall s\geq 0$ (3.9)
. ( , $=d$ (distribution)








, $\hat{g_{t}}(z)$ (SDE) .
$d \hat{g_{t}}(z)=\frac{2/\kappa}{\hat{g_{t}}(z)}dt+dW_{t}$ , $\hat{g}_{0}(z)=\frac{z}{\sqrt{\kappa}}$ , $W_{t}=-B_{t}$ . (3.13)
$T_{z}$ (3.5) , SLE$\kappa$ $\gamma$ $t=T_{z}$ $z\in \mathbb{H}$ .




. , $T_{z}$ z/ SDE (3.13) $\overline{\mathbb{H}}$ ,
$0$ .
SDE (3.13) $zarrow x\in \mathbb{R}$ , 1 $g_{t}(x)\in$
$\mathbb{R},$ $\forall t\geq 0$ $\hat{g}_{t}(x)\in \mathbb{R},$ $\forall t\geq 0$ . , $SLE_{\kappa}$
, $d$ (BES$d$ )
$dX_{t}^{x}= \frac{d-1}{2}\frac{1}{X_{t}^{x}}dt+dl\dagger_{t}/^{\ulcorner}$ , $X_{0}^{x}=x\in \mathbb{R}\backslash \{0\}$ (3.14)
$\kappa=\frac{4}{d-1}$ $\Leftrightarrow$ $d= \frac{4}{\kappa}+1$ (3.15)
. ( , [61 . ) ,
$T_{x}= \inf\{t\geq 0:X_{t}^{x}=0\}$ . $x$ BM, $W_{t}$
. $x<y$ $X_{t}^{x}<X_{t}^{y},$ $\forall t<T_{x}$ , $T_{x}\leq T_{y}$ . $d$
, ( , [5] . )
(1) $d\geq 2$ , 1 $T_{x}=\infty,$ $\forall x>0$ .
(2) $1\leq d<2$ , 1 $T_{x}<\infty,$ $\forall x>0$ .
(2a) $\frac{3}{2}<d<2$ , $0<x<y$ , $P\{T_{x}=T_{y}\}>0$ .
(2b) $1 \leq d\leq\frac{3}{2}$ , $0<x<y$ 1 $T_{x}<T_{y}$ .
, $SLE_{\kappa}$ $\gamma$ , $\kappa$ ,
3 .
3.3 (i) $0<\kappa\leq 4$ , $\gamma$ , $\gamma(0, \infty)\subset \mathbb{H}$ .
, 1
$\lim_{tarrow\infty}|\gamma(t)|=\infty$ . (3.16)




. , $|\gamma(t)|arrow\infty$ .
$\gamma[0, \infty)\cap \mathbb{H}\neq \mathbb{H}$ (3.18)
. , $\mathbb{H}$ .
(iii) $\kappa\geq 8$ , $\gamma$ ;
$\gamma[0, \infty)=\overline{\mathbb{H}}$ . (3.19)
6 2 ( ) ,
“ [3]”.
$\kappa=2$ $\Leftrightarrow$ loop-erased random walk (LERW)





$\kappa=8$ $\Leftrightarrow$ uniform spanning tree (UST) (3.20)
$(q$ $q=2$ , $q=1$ , $q=0$
UST . $\kappa$ $q=2+2\cos(8\pi/\kappa),$ $4\leq\kappa\leq 8$ )
, SLE ,
. $\kappa=2$ (LERW)
[8] . , $\kappa=6$ ,
Smirnov [10].




$g_{t}(z)$ $a_{n}(t),$ $n=1,2,3,$ $\cdots$ . $SLE_{\kappa}$
$a_{1}(t)=-U_{t}=-\sqrt{\kappa}B_{t}$ (4.1)
, $a_{n}(t)$ $(a_{2}(t)=2t\ovalbox{\tt\small REJECT}$ $)$ .
$a_{1}$ ( , (2.14) $a_{n}(t),$ $n\geq 2$
. $x=(x_{1}, x_{2}, \cdots),$ $a(t)=(a_{1}(t), a_{2}(t), \cdots)$ . $Q(x)$
$\{x_{n}\}_{n\geq 1}$ , $Q(a(t))$ SDE ,
$dQ(a(t))=[- \sqrt{\kappa}dB_{t}\frac{\partial}{\partial x_{1}}+dt(\frac{\kappa}{2}\frac{\partial^{2}}{\partial x_{1}^{2}}+2\sum_{n\geq 2}\mathcal{P}_{n}(x)\frac{\partial}{\partial x_{n}})]Q(x)$
$x=a(t)$
. $(da_{1}(t))^{2}=\kappa dt$ (2.11) . ,
$\mathcal{A}=\frac{\kappa}{2}\frac{\partial^{2}}{\partial x_{1}^{2}}+2\sum_{n\geq 2}\mathcal{P}_{n}(x)\frac{\partial}{\partial x_{n}}$ (4.2)
, $\mathcal{A}M(x)=0$ $M(x)$ , $M(a(t))$








$c=(3\kappa-8)(6-\kappa)/2\kappa$ ( ) $h=(6-\kappa)/2\kappa$
( ) [1]. ([2] . )
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